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Outline

❖ Fundamental matrix solutions

❖ Exponential matrices + their properties

❖ Matrix exponential solutions; particular cases + general case

❖ Methods for computing matrix exponentials

❖ Applications to inhomogeneous systems of 1st order ODEs; the method 

of variation of parameters

❖ Particular case: 2nd order scalar ODEs (the construction of a particular integral)
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Notations + terminology 
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Fundamental matrix solutions 
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Theorem 1
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Theorem 1 (Discussion)
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Example 1 
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Example 1 (cont’d) 

(new initial conditions)
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Exponential matrices 

The meaning of the infinite series on the RHS in the above definition:
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Example 2
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Generalisation 
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Other properties 
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Example 3

𝑒𝑨𝑡 =?
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Example 4

𝑒𝑨𝑡 =?
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Matrix exponential solutions 
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Theorem 2 
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Theorem 2 (remarks) 
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Example 5 
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Example 6 

TRIPLE EIGENVALUE!

So we do NOT have the three linearly independent solutions associated with the triple

eigenvalue 𝜆 = 2, which we would need to construct the fundamental matrix.
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Example 6 (cont’d) 

However, the matrix 𝑨 is the same matrix that was used in Example 4.

We have already calculated the matrix exponential: 

Using Th. 2 we have
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General Matrix Exponentials 

The relatively easy calculation of 𝑒𝑨𝑡 carried out in Ex.4 was based on the observation that if  
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General Matrix Exponentials 

The calculations outlined above motivate a method of calculating 𝑒𝑨𝑡 for any 𝑛 × 𝑛 matrix

whatsoever. Such a matrix has 𝑛 linearly independent generalised eigenvectors  
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General Matrix Exponentials 

ASIDE:
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General Matrix Exponentials 
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Inhomogeneous IVPs 
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Inhomogeneous IVPs 

AIM: Find 𝒖 𝑡 such that 𝒙𝑝 𝑡 satisfies the original inhomogeneous ODE system.  
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Theorem 4 



School of Computing and Engineering Ciprian D. Coman

Remarks
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Particular case:  

OTHER WAYS TO WRITE THESE FORMULAE:
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Example 7 

Homogeneous system gives the fundamental matrix:
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Example 7 (cont’d) 

Therefore
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Example 7 (cont’d) 
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Variation of constants for 2nd order ODEs 

Write this ODE as a system of first-order ODEs:

where
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Variation of constants for 2nd order ODEs 

linearly independent solutions of

The Wronskian:

Therefore, by using the variation of constants formula 
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Variation of constants for 2nd order ODEs 

(for second-order ODEs)
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Additional Notes


